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Lecture (4)



Course Title: Automatic Control (1)

Course Code: ELE 314

Contact Hours: 4. 

= [2 Lect. + 2 Tut + 0 Lab]



Assessment:

Final Exam: 60%.

Midterm: 20%.

Year Work & Quizzes: 20%. 

Experimental/Oral: 20%.

Textbook:
1- Benjamin C. Kuo “ Automatic control systems” 9th ed., John Wiley &
Sons, Inc. 2010.
2- Katsuhiko Ogata, “Modern Control Engineering”, 4th Edition, 2001.



➢ State space variables, Solving state space equation, Basic 

definitions in modern control (Observability and Controllability), 

Transfer function analysis, Error analysis, Static and dynamic 

error coefficients, Steady state error, Error characteristics, Basic 

control action and industrial automatic control (P, PI, PID 

controllers), Transient response for control systems of first and 

second order, Poles / Zeros, Eigen value and stability of 

multivariable system, Stability analysis, Routh-Hurwitz criterion.
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Control Design using Steady State error
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Exercise (1) 

Lyapunov's second method for stability

Consider the following system

ሶ𝑋 = 𝑐𝑜𝑠𝑥 − 𝑥3 + 𝑢

1) Suggest candidate Lyapunov function for that system.

2) Suggest control command to stabilize that system at the

origin.

3) Define the type of stability.

4) Discuss the “simplicity of the proposed control

command”. Can we simplify it?



Sol.: We assume the following energy function V(x):

V 𝑥 =
1

2
𝑥2

Exercise (1) solution 

Lyapunov's second method for stability

ሶ𝑋 = 𝑐𝑜𝑠𝑥 − 𝑥3 + 𝑢

1- 𝑽 𝒙 = 𝟎 if and only if 𝒙 = 𝟎;

2- 𝑽 𝒙 > 𝟎 if and only if 𝒙 ≠ 𝟎;

3- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
=

𝟏

𝟐
𝟐𝒙. ሶ𝒙 = 𝒙 𝒄𝒐𝒔𝒙 − 𝒙𝟑 + 𝒖

Let u = −𝒄𝒐𝒔𝒙 + 𝒙𝟑 − 𝒙 ֜ ሶ𝑉 𝑥 = −𝑥2 ≤ 0

Lyapunov 

candidate

Lyapunov 

function

Stable



Sol.: to define the type of stability, we have to perform two tests as

follow:

Exercise (1) solution 

Lyapunov's second method for stability

4- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
= −𝑥2 = 𝟎 if and only if x = 0;

5- lim
𝒙 →+∞

ሶ𝑽 𝒙 = lim
𝒙 →+∞

−𝑥2 =−∞ ; GS

The system is globally asymptotically (GAS) stable in sense of Lyapunov
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Sol.: We assume the following energy function V(x):

V 𝑥 =
1

2
𝑥2

Exercise (1) solution with another (u) 

Lyapunov's second method for stability

ሶ𝑋 = 𝑐𝑜𝑠𝑥 − 𝑥3 + 𝑢

1- 𝑽 𝒙 = 𝟎 if and only if 𝒙 = 𝟎;

2- 𝑽 𝒙 > 𝟎 if and only if 𝒙 ≠ 𝟎;

3- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
=

𝟏

𝟐
𝟐𝒙. ሶ𝒙 = 𝒙 𝒄𝒐𝒔𝒙 − 𝒙𝟑 + 𝒖

Let u = −𝒄𝒐𝒔𝒙 ֜ ሶ𝑉 𝑥 = −𝑥4 ≤ 0

Lyapunov 

candidate

Lyapunov 

function

Stable



Sol.: to define the type of stability, we have to perform two tests as

follow:

Exercise (1) solution “continue” 

Lyapunov's second method for stability

4- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
= −𝑥4 = 𝟎 if and only if x = 0;

5- lim
𝒙 →+∞

ሶ𝑽 𝒙 = lim
𝒙 →+∞

−𝑥4 =−∞ ; GS

The system is globally asymptotically (GAS) stable in sense of Lyapunov
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Sol.: We assume the following energy function V(x):

V 𝑥 =
1

2
𝑥2

Exercise (1) solution with another (u) 

Lyapunov's second method for stability

ሶ𝑋 = 𝑐𝑜𝑠𝑥 − 𝑥3 + 𝑢

1- 𝑽 𝒙 = 𝟎 if and only if 𝒙 = 𝟎;

2- 𝑽 𝒙 > 𝟎 if and only if 𝒙 ≠ 𝟎;

3- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
=

𝟏

𝟐
𝟐𝒙. ሶ𝒙 = 𝒙 𝒄𝒐𝒔𝒙 − 𝒙𝟑 + 𝒖

Let u = −𝒄𝒐𝒔𝒙 + 𝒙𝟑 − 𝒌𝒙 ֜ ሶ𝑉 𝑥 = −𝑘𝑥2 ≤ 0 with k > 0

Lyapunov 

candidate

Lyapunov 

function

Stable



Sol.: to define the type of stability, we have to perform two tests as

follow:

Exercise (1) solution “continue”

Lyapunov's second method for stability

4- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
= −𝑘𝑥2 = 𝟎 if and only if x = 0;

5- lim
𝒙 →+∞

ሶ𝑽 𝒙 = lim
𝒙 →+∞

−𝑘𝑥2 =−∞ ; GS

The system is globally asymptotically (GAS) stable in sense of Lyapunov
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Exercise (2) 

Lyapunov's second method for stability

Consider the following system

ሶ𝑥1 = −𝑥1 + 𝑥3
2

ሶ𝑥2 = −𝑥2
ሶ𝑥3 = 𝑥3 − 𝑥3

2+u

1) Suggest candidate Lyapunov function for that system.

2) Suggest control command to stabilize that system at the

origin.

3) Define the type of stability.



Sol.: We assume the following energy function V(x):

V 𝑥 =
1

2
𝑥1
2 +

1

2
𝑥2
2+

1

2
𝑥3
2

Exercise (1) solution 

Lyapunov's second method for stability

1- 𝑽 𝒙 = 𝟎 if and only if 𝒙 = 𝟎;

2- 𝑽 𝒙 > 𝟎 if and only if 𝒙 ≠ 𝟎;

3- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
=

𝟏

𝟐
𝟐𝒙𝟏. ሶ𝒙𝟏 +

𝟏

𝟐
𝟐𝒙𝟐. ሶ𝒙𝟐 +

𝟏

𝟐
𝟐𝒙𝟑. ሶ𝒙𝟑

= 𝒙𝟏. −𝒙𝟏 + 𝒙𝟑
𝟐 + 𝒙𝟐. −𝒙𝟐 + 𝒙𝟑. 𝒙𝟑 − 𝒙𝟏

𝟑 + 𝒖

= −𝒙𝟏
𝟐 − 𝒙𝟐

𝟐 + 𝒙𝟑 𝒙𝟑 + 𝒙𝟏𝒙𝟑 − 𝒙𝟏
𝟑 + 𝒖

Let u = −𝑥3 1 + 𝑥1 + 𝒙𝟏
𝟑 − 𝒙𝟑 ֜ ሶ𝑉 𝑥 = −𝒙𝟏

𝟐 − 𝒙𝟐
𝟐 − 𝒙𝟑

𝟐 ≤ 0

Lyapunov 

candidate

Lyapunov 

function

Stable



Sol.: to define the type of stability, we have to perform two tests as

follow:

Exercise (1) solution “continue” 

Lyapunov's second method for stability

4- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
= −𝒙𝟏

𝟐 − 𝒙𝟐
𝟐 − 𝒙𝟑

𝟐 = 𝟎 if and only if x = 0;

5- lim
𝒙 →+∞

ሶ𝑽 𝒙 = lim
𝒙 →+∞

−𝒙𝟏
𝟐 − 𝒙𝟐

𝟐 − 𝒙𝟑
𝟐 =−∞ ; GS

The system is globally asymptotically (GAS) stable in sense of Lyapunov
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Exercise (3) 

Lyapunov's second method for stability

Consider the following system

ሶ𝑥 = 𝑥 + sin2 𝑥 + 𝑢

1) Prove that 𝑽 𝒙 = 1 − cos 𝑥 is candidate Lyapunov

function.

2) Suggest control command to stabilize that system at the

origin.

3) Define the type of stability.



Sol.:

1- For the given energy function V(x):

𝑽 𝒙 = 1 − cos 𝑥

Exercise (3) solution 

Lyapunov's second method for stability

1- 𝑽 𝒙 = 𝟎 if and only if 𝒙 = 𝟎;

2- 𝑽 𝒙 > 𝟎 if and only if 𝒙 ≠ 𝟎;

Lyapunov 

candidate

2- We assume the following energy function V(x):

V 𝑥 =
1

2
𝑥2

1- 𝑽 𝒙 = 𝟎 if and only if 𝒙 = 𝟎;

2- 𝑽 𝒙 > 𝟎 if and only if 𝒙 ≠ 𝟎;

Lyapunov 

candidate



Sol.: to define the type of stability, we have to perform two tests as

follow:

Exercise (3) solution “continue” 

Lyapunov's second method for stability

3- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
= 𝒙. ሶ𝒙 = 𝒙 𝑥 + sin2 𝑥 + 𝑢

Let u = − 𝑥 − sin2 𝑥 − 𝑥֜ ሶ𝑉 𝑥 = −𝒙𝟐 ≤ 0

4- ሶ𝑽 𝒙 =
𝒅

𝒅𝒕
𝑽 𝑥 =

𝒅𝑽 𝒙

𝒅𝒙
.
𝒅𝒙

𝒅𝒕
= −𝒙𝟐 = 𝟎 if and only if x = 0;

5- lim
𝒙 →+∞

ሶ𝑽 𝒙 = lim
𝒙 →+∞

−𝒙𝟐 =−∞? ? ? (no because ∞ 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑) ; Not GS

The system is asymptotically (AS) stable in sense of Lyapunov

O
n
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AS

Lyapunov 

function

Stable



Exercise (4) 

Lyapunov's second method for stability

Consider the following system

ሶ𝑥1 = 𝑠𝑖𝑛𝑥1 − 𝑥1
3 + 𝑥2

ሶ𝑥2 = −𝑥1 + 𝑢

1) Suggest candidate Lyapunov function for that system.

2) Suggest control command to stabilize that system at the

origin.

3) Define the type of stability.
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